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I. NOISE PERFORMANCE OF THE
DETECTORS

Figure 1 shows a comparison of typical strain noise am-
plitude spectra during the first observing run and early
in the second for both of the LIGO detectors [1]. For the
Hanford detector, shot-noise limited performance was im-
proved above about 500 Hz by increasing the laser power.
There are new broad mechanical resonance features (e.g.,
at ∼ 150 Hz, 320 Hz and 350 Hz) due to increased beam
pointing jitter from the laser, as well as the coupling
of the jitter to the detector’s gravitational-wave channel
that is larger than in the Livingston detector. The in-
crease in the noise between 40 Hz and 100 Hz is currently
under investigation. For the Livingston detector, signif-
icant reduction in the noise between 25 Hz and 100 Hz
was achieved mainly by the reduction of the scattered
light that re-enters the interferometer.

To date, the network duty factor of the LIGO detectors
in the second observing run is about 51% while it was
about 43% in the first observing run. The improvement
came from better seismic isolation at Hanford, and fine
tuning of the control of the optics at Livingston.

II. SEARCHES

The significance of a candidate event is calculated by
comparing its detection statistic value to an estimate of
the background noise [2–5, 7]. Figure 2 shows the back-
ground and candidate events from the offline searches for
compact binary coalescences obtained from 5.5 days of
coincident data. At the detection statistic value assigned
to GW170104, the false alarm rate is less than 1 in 70,000
years of coincident observing time.

III. PARAMETER INFERENCE

The source properties are estimated by exploring the
parameter space with stochastic sampling algorithms [8].
Calculating the posterior probability requires the like-
lihood of the data given a set of parameters, and the
parameters’ prior probabilities. The likelihood is deter-
mined from a noise-weighted inner product between the
data and a template waveform [9]. Possible calibration
error is incorporated using a frequency-dependent spline
model for each detector [10]. The analysis follows the
approach used for previous signals [11–13].

A preliminary analysis was performed to provide a
medium-latency source localization [14]. This analy-

sis used an initial calibration of the data and assumed
a (conservative) one-sigma calibration uncertainty of
10% in amplitude and 10◦ in phase for both detec-
tors, a reduced-order quadrature model of the effective-
precession waveform [15–18] (the most computationally
expedient model), and a power spectral density cal-
culated using a parametrized model of the detector
noise [19, 20]. A stretch of 4 s of data, centered on
the event, was analysed across a frequency range of 20–
1024 Hz. We assumed uninformative prior probabili-
ties [11, 13]; technical restrictions of the reduced-order
quadrature required us to limit spin magnitudes to < 0.8
and impose cuts on the masses (as measured in the de-
tector frame) such that mdet

1,2 ∈ [5.5, 160]M�, Mdet ∈
[12.3, 45.0]M� and mass ratio q = m2/m1 ≥ 1/8. The
bounds of the mass prior do not affect the posterior, but
the spin distributions were truncated. The source posi-
tion is not strongly coupled to the spin distribution, and
so should not have been biased by these limits [21, 22].

The final analysis used an updated calibration of the
data, with one-sigma uncertainties of 3.8% in ampli-
tude and 2.2◦ in phase for Hanford, and 3.8% and
1.9◦ for Livingston, and two waveform models, the
effective-precession model [16–18] and the full-precession
model [23–25]. The spin priors were extended up to
0.99. As a consequence of the computational cost of
the full-precession model, we approximate the likelihood
by marginalising over the time and phase at coalescence
as if the waveform contained only the dominant (2,±2)
harmonics [8]. This marginalisation is not exact for pre-
cessing models, but should not significantly affect sig-
nals with binary inclinations that are nearly face on or
face off [12]. Comparisons with preliminary results from
an investigation using the full-precession waveform with-
out marginalisation confirm that this approximation does
not impact results. The two waveform models produce
broadly consistent parameter estimates, so the overall re-
sults are constructed by averaging the two distributions.
As a proxy for the theoretical error from waveform mod-
eling, we use the difference between the results from the
two approximants [11]. A detailed summary of results is
given in Table I, and the final sky localization is shown
in Fig. 3.

Figure 4 illustrates the distance, and the angle be-
tween the total angular momentum and the line of sight
θJN . The latter is approximately constant throughout
the inspiral and serves as a proxy for the binary inclina-
tion [26, 27]. The full-precessing model shows a greater
preference (after accounting for the prior) for face-on or
face-off orientations with θJN ' 0◦ or 180◦. This leads to
the tail of the DL distribution extending to farther dis-
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FIG. 1. Comparison of typical noise amplitude spectra of the LIGO detectors in the first observing run (O1) and the early
stages of the second observing run (O2). The noise is expressed in terms of equivalent gravitational-wave strain amplitude.
Some narrow features are calibration lines (22–24 Hz for L1, 35–38 Hz for H1, 330 Hz and 1080 Hz for both), suspension fibers’
resonances (500 Hz and harmonics) and 60 Hz power line harmonics.
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FIG. 2. Left: Search results from the binary coalescence search described in [2–4]. The histogram shows the number of
candidate events (orange markers) in the 5.5 days of coincident data and the expected background (black lines) as a function
of the search detection statistic. The reweighted SNR detection statistic % is defined in [3]. GW170104 has a larger detection
statistic value than all of the background events in this period. At the detection statistic value assigned to GW170104, the
search’s false alarm rate is less than 1 in 70,000 years of coincident observing time. No other significant candidate events
are observed in this time interval. Right: Search results from an independently-implemented analysis [5], where the detection
statistic lnL is an approximate log likelihood ratio statistic that is an extension of [6]. The two search algorithms give consistent
results.

tances. There is a preference towards face-on or face-off
inclinations over those which are edge on; the probabil-
ity that | cos θJN | > 1/

√
2 is 0.62, compared to a prior

probability of 0.29. These inclinations produce louder
signals and so are expected to be most commonly de-
tected [28, 29]. Viewing the binary near face-on or face-
off minimises the impact (if present) of precession [11, 30].

For GW170104, we obtain weak constraints on the
spins. The amount of information we learn from the
signal may be quantified by the Kullback–Leibler diver-
gence, or relative entropy, from the prior to the pos-
terior [31, 32]. For χeff we gain 0.36 nat of informa-
tion, and for χp we only gain 0.03 nat. As compari-

son, the Kullback–Leibler divergence between two equal-
width normal distributions with means one standard de-
viation apart is 0.5 nat = 0.72 bit. We cannot gain much
insight from these spin measurements, but this may be-
come possible by considering the population of binary
black holes [33]. Figure 5 shows the inferred χeff dis-
tributions for GW170104, GW150914, LVT151012 and
GW151226 [13]. Only GW151226 has a χeff (and hence
at least one component spin) inconsistent with zero. The
others are consistent with positive or negative effective
inspiral spin parameters; the probabilities that χeff > 0
are 0.18, 0.23 and 0.59 for GW170104, GW150914 and
LVT151012, respectively. Future analysis may reveal if
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TABLE I. Parameters describing GW170104. We report the median value with symmetric (equal-tailed) 90% credible interval,
and selected 90% credible bounds. Results are given for effective- and full-precession waveform models; the overall results
average the posteriors for the two models. The overall results include a proxy for the 90% range of systematic error estimated
from the variance between models. More details of the parameters, and the imprint they leave on the signal, are explained in
[11]. The optimal SNR is the noise-weighted inner product of the waveform template with itself, whereas the matched-filter
SNR is the inner product of the template with the data.

Effective precession Full precession Overall

Detector-frame

Total mass Mdet/M� 60.0+5.7
−5.8 59.9+5.7

−6.9 59.9+5.7±0.1
−6.5±1.0

Chirp mass Mdet/M� 24.9+2.5
−3.5 25.2+2.4

−4.2 25.1+2.5±0.2
−3.9±0.4

Primary mass mdet
1 /M� 37.1+9.2

−7.0 36.3+8.7
−6.5 36.7+9.0±1.2

−6.8±0.4

Secondary mass mdet
2 /M� 22.6+6.5

−7.2 23.3+5.9
−7.8 22.9+6.2±0.2

−7.5±0.1

Final mass Mdet
f /M� 57.6+5.6

−5.3 57.4+5.4
−6.1 57.5+5.5±0.3

−5.8±0.8

Source-frame

Total mass M/M� 51.0+5.8
−4.9 50.4+5.9

−5.1 50.7+5.9±0.5
−5.0±0.6

Chirp mass M/M� 21.1+2.4
−2.5 21.1+2.3

−2.8 21.1+2.4±0.1
−2.7±0.3

Primary mass m1/M� 31.6+8.8
−6.3 30.7+8.1

−5.9 31.2+8.4±1.3
−6.0±0.4

Secondary mass m2/M� 19.2+5.4
−5.7 19.6+5.0

−6.2 19.4+5.3±0.1
−5.9±0.0

Final mass Mf/M� 49.0+5.7
−4.6 48.4+5.7

−4.7 48.7+5.7±0.6
−4.6±0.6

Energy radiated Erad/(M�c
2) 2.0+0.6

−0.7 2.1+0.5
−0.8 2.0+0.6±0.0

−0.7±0.0

Mass ratio q 0.60+0.33
−0.26 0.64+0.31

−0.27 0.62+0.32±0.01
−0.26±0.02

Effective inspiral spin parameter χeff −0.12+0.20
−0.26 −0.11+0.21

−0.33 −0.12+0.21±0.01
−0.30±0.05

Effective precession spin parameter χp 0.42+0.41
−0.29 0.40+0.42

−0.30 0.41+0.41±0.00
−0.30±0.02

Dimensionless primary spin magnitude a1 0.45+0.44
−0.40 0.44+0.48

−0.40 0.45+0.46±0.02
−0.40±0.01

Dimensionless secondary spin magnitude a2 0.50+0.44
−0.45 0.44+0.48

−0.40 0.47+0.46±0.01
−0.43±0.01

Final spin af 0.63+0.10
−0.19 0.64+0.09

−0.20 0.64+0.09±0.01
−0.20±0.00

Luminosity distance DL/Mpc 860+410
−370 910+470

−410 880+450±90
−390±10

Source redshift z 0.173+0.072
−0.071 0.182+0.081

−0.078 0.176+0.078±0.015
−0.074±0.001

Upper bound

Effective inspiral spin parameter χeff 0.04 0.05 0.04± 0.01

Effective precession spin parameter χp 0.74 0.74 0.74± 0.01

Primary spin magnitude a1 0.82 0.86 0.84± 0.03

Secondary spin magnitude a2 0.89 0.86 0.88± 0.02

Lower bound

Mass ratio q 0.40 0.42 0.41± 0.02

Optimal SNR ρ〈h|h〉 13.0+1.7
−1.7 12.9+1.7

−1.7 13.0+1.7±0.0
−1.7±0.0

Matched-filter SNR ρ〈h|s〉 13.3+0.2
−0.3 13.3+0.2

−0.3 13.3+0.2±0.0
−0.3±0.0

there is evidence for spins being isotropically distributed,
preferentially aligned with the orbital angular momen-
tum, or drawn from a mixture of populations [34–37].

While we learn little about the component spin mag-
nitudes, we can constrain the final black hole spin. The
final black hole’s dimensionless spin af is set by the bi-
nary’s total angular momentum (the orbital angular mo-
mentum and the components’ spins) minus that radiated
away. Figure 6 illustrates the probability distributions for
the final mass and spin. To obtain these, we average re-
sults from different numerical-relativity calibrated fits for
the final mass [38, 39] and for the final spin [38–40]. The
fitting formulae take the component masses and spins

as inputs. We evolve the spins forward from the 20 Hz
reference frequency to a fiducial near merger frequency,
and augment the aligned-spin final spin fits [38, 39] with
the contribution from the in-plane spins before averag-
ing [41]. From comparisons with precessing numerical-
relativity results, we estimate that systematic errors are
negligible compared to the statistical uncertainties. We
follow the same approach for fits for the peak luminos-
ity [39, 42]; here the systematic errors are larger (up to
∼ 10%) and we include them in the uncertainty esti-
mate [11]. We find that af = 0.64+0.09

−0.20. This is compa-
rable to that for previous events [11–13], as expected for
near equal-mass binaries [43, 44], but extends to lower
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FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ∼ 3.0+0.4

−0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ∼ 1200 deg2.
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FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination θJN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is sufficiently small
to not significantly affect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the effective-precession waveform without marginalising
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FIG. 5. Posterior probability densities for the effective in-
spiral spin χeff for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the effective-precession model. The
prior distributions vary between events, as a consequence of
different mass ranges, but the difference is negligible on the
scale plotted.
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FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.
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over the calibration. For most parameters the change
is negligible. The most significant effect of calibration
uncertainty is on sky localization. Excluding calibration
uncertainty reduces the 90% credible area by ∼ 2%.

IV. POPULATION INFERENCE

Gravitational-wave observations are beginning to re-
veal a population of merging binary black holes. With
four probable mergers we can only roughly constrain the
population. Here we fit a hierarchical single-parameter
population model to the three probable mergers from first
observing run [13] and GW170104. We assume that the
two-dimensional mass distribution of mergers is the com-
bination of a power law in m1 and a flat m2 distribution,

p (m1,m2) ∝ m−α1

1

m1 −mmin
, (1)

with mmin = 5M� [45–47], and subject to the constraint
that M ≤ Mmax, with Mmax = 100M�, matching the
analysis from the first observing run [13, 48]. Our sensi-
tivity to these choices for lower and upper cut-off masses
is much smaller than the statistical uncertainty in our
final estimate of α. The marginal distribution for m1 is

p (m1) ∝ m−α1

min (m1,Mmax −m1)−mmin

m1 −mmin
, (2)

and the parameter α is the power-law slope of the
marginal distribution for m1 at masses m1 ≤ Mmax/2.
The initial mass function of stars follows a similar power-
law distribution [49, 50], and the mass distribution of
companions to massive stars appears to be approximately
uniform in the mass ratio q [51–53]. While the initial–
final mass relation in binary black hole systems is com-
plicated and nonlinear [54–57], this simple form provides
a sensible starting point for estimating the mass distri-
bution.

Accounting for selection effects and the uncertainty
in our estimates of the masses of our four events, and
imposing a flat prior on the parameter α [13], we find
α = 2.3+1.3

−1.4. Our posterior on α appears in Fig. 7. The
inferred posterior on the marginal distribution for m1

appears in Fig. 8; the turnover for m1 > 50M� is a con-
sequence of our choice of Mmax = 100M� in Eq. (2).

V. TESTS OF GENERAL RELATIVITY

The tests of GR use the same algorithm base de-
scribed in Sec. III [8] for estimation of source param-
eters, with appropriate modifications to the analytical
waveform models [13, 58]. In the Fourier domain, gravi-
tational waves from a coalescing binary can be described
by

h̃GR(f) = Ã(f ; ~ϑGR)eiΨ(f ;~ϑGR), (3)
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FIG. 7. The posterior distribution for the power-law slope of
the massive component of the binary black hole mass distribu-
tion, α, described in the main text, using the three probable
events from the first observing run [13] and GW170104. We
find the median and 90% credible interval are α = 2.3+1.3

−1.4.
The black line indicates the Salpeter law [49] slope used in
the power-law population for estimating binary black hole
coalescence rates.
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FIG. 8. The posterior probability distribution for the pri-
mary component mass m1 of binary black holes inferred from
the hierarchical analysis. The black line gives the posterior
median as a function of mass, and the dark and light grey
bands give the 50% and 90% credible intervals. The colored
vertical bands give the 50% credible interval from the pos-
terior on m1 from the analyses of (left to right) GW151226,
LVT151012, GW170104, and GW150914. The marginal mass
distribution is a power law for m1 ≤ 50M�, and turns over
for m1 ≥ 50M� due to the constraint on the two-dimensional
population distribution that m1 +m2 ≤ 100M�.

where ~ϑGR are the parameters of the source (e.g., masses
and spins) in GR. The tests of GR we perform, except for
the inspiral–merger–ringdown consistency test, introduce
a dephasing term with an unknown prefactor that cap-
tures the magnitude of the deviation from GR. While we
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modify the phase of the waveform from its GR value, the
amplitude is kept unchanged; this is because our analysis
is more sensitive to the phase evolution than the ampli-
tude. We use a non-GR template of the form

h̃(f) = Ã(f ; ~ϑGR)ei[Ψ(f ;~ϑGR)+δΨ(f ;~ϑGR,XmodGR)], (4)

where XmodGR is a theory-dependent parameter, which
is zero in the usual GR templates. To simulate the non-
GR waveform, we used the effective-precession model as
a base; all the GR and non-GR parameters are assumed
unknown and estimated from the data.

With multiple detections it is possible to combine con-
straints on XmodGR to obtain tighter bounds. For a
generic parameter ϑ, we compute a combined posterior
distribution by combining the individual likelihoods [59].
For each event ei we estimate the marginal likelihood
density p(ei|ϑ) using a Gaussian kernel density estima-
tor. This gives a simple representation of the likelihood
that can be easily manipulated. The combined poste-
rior distribution is computed by multiplying the marginal
likelihoods and the chosen prior distribution,

p(ϑ|e1, . . . , eN ) ∝ p(ϑ)

N∏
i=1

p(e1, . . . , eN |ϑ). (5)

This is used to compute bounds on ϑ given N detec-
tions. We use the three confident detections (GW150914,
GW151226 and GW170104) to set combined bounds on
potential deviation from GR, except in the case of the
inspiral–merger–ringdown consistency test where only
GW150914 and GW170104 are used as GW151226 has
insufficient SNR from the merger–ringdown to make use-
ful inferences.

A. Modified dispersion

We have assumed a generic dispersion relation of the
form E2 = p2c2 + Apαcα, α ≥ 0. To leading order in
AEα−2, the group velocity of gravitational waves is thus
modified as vg/c = 1 + (α − 1)AEα−2/2. The modified
dispersion relation results in an extra term to be added
to the gravitational-wave phase [60]:

δΨ =


π

α− 1

ADα

(hc)2−α

[
(1 + z)f

c

]α−1

α 6= 1

πADα

hc
ln

(
πGMdetf

c3

)
α = 1

. (6)

HereMdet is the redshifted (detector-frame) chirp mass,
h is the Planck constant, and Dα is a distance measure,

Dα =
1 + z

H0

∫ z

0

(1 + z′)α−2√
Ωm(1 + z′)3 + ΩΛ

dz′, (7)

where H0 is the Hubble constant, Ωm and ΩΛ are the
matter and dark energy density parameters [61], respec-
tively.

Table II lists the 90% credible upper bounds on the
magnitude of A, where the individual and combined
bounds for the three confident detections are shown; we
see that depending on the value of α and the sign of
A, the combined bounds are better than those obtained
from GW170104 alone by a factor of ∼ 1–4.5. For all
values of α, these bounds are consistent with the uncer-
tainties one might expect for heavy binary black holes
using Fisher-matrix estimates on simulated GW150914-
like signals [62].

For small values of α, it is useful to recast the results in
terms of lower bounds on a length scale λA = hcA1/(α−2),
which can be thought of as the range (or the screen-
ing length) of an effective potential, which is infinite
in GR. In Table III we report the numerical values of
these bounds for α < 2. For α = 3, 4, we instead ex-
press the bounds as lower limits on the energy scale at
which quantum gravity effects might become important,
EQG = A−1/(α−2) [63–67]. This facilitates the compar-
ison with existing constraints from other sectors, which
we show in Table IV.

In the subluminal propagation regime, bounds ex-
ist from electromagnetic (spectral time lag in gamma-
ray bursts [66]), neutrino (time delay between neutrino
and photons from blazar PKS B1424-418 [67]), and
gravitational (absence of gravitational Cherenkov radi-
ation [63, 65]) sectors. In the superluminal propagation
regime, the only existing limits are from the neutrino sec-
tor (absence of Bremsstrahlung from electron–positron
pairs [64]). The GW170104 constraints are weaker than
existing bounds, but are the first constraints on Lorentz
violation in the gravitational superluminal-propagation
sector.

The posterior distributions for A have long tails, which
makes it difficult to accurately calculate 90% limits with
a finite number of samples. To quantify this uncertainty
on the bounds, for each value of α and sign of A we use
Bayesian bootstrapping [68] to generate 1000 instances of
the relevant posterior distribution. We find that the 90%
credible upper bounds are estimated within an interval
whose 90% credible interval width is . 20% of the values
reported in Table II.

For the (GR) source parameters, to check for the po-
tential impact of errors from waveform modelling, we
analysed the data using both the effective-precession
model and the full-precession model. However, the full-
precession model was not adapted in time for tests of GR
to be completed for this publication. In the first observ-
ing run, we performed tests with two different waveform
families [13, 58]: the effective-precession model [16–18],
and a nonprecessing waveform model [24, 69]. We follow
the same approach here, and use the same nonprecessing
waveform model used for the matched filter search [70].
The use of a nonprecessing waveform should give con-
servative bounds on the potential error from waveform
modelling, as some of the differences may come from the
failure to include precession effects [12]. We find that
the numbers so obtained are consistent with the results

6
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TABLE II. 90% credible level upper bounds on the Lorentz violation magnitude |A/eV2−α| using GW150914, GW151226,
GW170104, and their joint posterior.

A > 0 A < 0

α GW150914 GW151226 GW170104 Joint GW150914 GW151226 GW170104 Joint

0.0 1.3× 10−44 1.7× 10−43 9.8× 10−45 7.3× 10−45 2.3× 10−44 7.1× 10−44 3.6× 10−44 1.8× 10−44

0.5 4.8× 10−38 1.6× 10−37 1.8× 10−38 1.7× 10−38 4.1× 10−38 9.4× 10−38 7.8× 10−38 2.9× 10−38

1.0 8.5× 10−32 1.8× 10−31 3.6× 10−32 2.8× 10−32 1.0× 10−31 1.3× 10−31 1.0× 10−31 5.0× 10−32

1.5 1.9× 10−25 3.2× 10−25 9.4× 10−26 7.5× 10−26 2.7× 10−25 2.2× 10−25 2.3× 10−25 1.1× 10−25

2.5 3.9× 10−13 1.4× 10−13 2.8× 10−13 1.2× 10−13 2.8× 10−13 2.0× 10−13 1.3× 10−13 8.9× 10−14

3.0 2.2× 10−07 7.4× 10−08 1.7× 10−07 6.2× 10−08 1.7× 10−07 1.5× 10−07 8.9× 10−08 4.3× 10−08

3.5 1.7× 10−01 5.4× 10−02 1.4× 10−01 4.2× 10−02 1.2× 10−01 1.1× 10−01 7.1× 10−02 2.6× 10−02

4.0 1.3× 10+05 5.9× 10+04 1.0× 10+05 2.8× 10+04 9.7× 10+04 1.3× 10+05 7.7× 10+04 2.0× 10+04

TABLE III. 90% credible level lower bounds on the length
scale λA for Lorentz invariance violation test using GW170104
alone.

A > 0 A < 0

α = 0.0 1.3× 1013 km 6.6× 1012 km

α = 0.5 1.8× 1016 km 6.8× 1015 km

α = 1.0 3.5× 1022 km 1.2× 1022 km

α = 1.5 1.4× 1041 km 2.4× 1040 km

TABLE IV. 90% confidence level lower bounds on the energy
scale at which quantum gravity effects might become impor-
tant EQG. Bounds are grouped into theories which produce
subluminal and superluminal gravitational-wave propagation.
The results from GW170104 are considerably less constrain-
ing than those obtained with other methods, but they are the
first direct constraints of Lorentz invariance violation in the
superluminal gravity sector.

α = 3 α = 4

S
u
b

GW170104 1.1× 107 eV 3.6× 10−3 eV

Gamma rays [66] 5× 1024 eV 1.4× 1016 eV

Neutrino [67] 1.2× 1026 eV 7.3× 1020 eV

Cherenkov [63, 65] 4.6× 1035 eV 5.2× 1027 eV

S
u
p

er GW170104 6.0× 106 eV 3.2× 10−3 eV

Neutrino [64] 1.2× 1033 eV 1.2× 1024 eV

of the effective-precession model at the tens of percent
level.

B. Parametrized test

The phase evolution of gravitational waves from com-
pact binaries is well understood within GR. The inspiral
portion, corresponding to large orbital separation, can be
described analytically using the post-Newtonian expan-
sion [71]. Modelling the merger dynamics requires the
use of numerical-relativity simulations [72–74], whereas

the post-merger signal is described in black hole pertur-
bation theory as a superposition of damped sinusoids [75–
78]. Accurate analytical waveforms are obtained by tun-
ing the effective-one-body [70, 79, 80] or phenomeno-
logical models [17, 81] to numerical-relativity simula-
tions [16, 82, 83].

Given a phase parameter in the phenomenological
model whose value in GR is pi, we modify the wave-
form by introducing new dimensionless parameters δp̂i
such that pi → pi(1 + δp̂i) [13, 58]. In the parametrized
null test, we freely vary one δp̂i at a time (in addition to
the other source parameters) to look for deviations from
GR.

The bounds on p̂i obtained from GW170104 are weaker
than those from the two confident detections of the first
observing run [13]. GW151226 had an SNR comparable
to GW170104, but it is from a significantly lower mass
system [13, 84], and hence places better constraints on
the inspiral parameters. GW150914 had an SNR twice
that of GW170104 (while being of comparable mass),
and thus places the best constraints on the late-inspiral
and merger–ringdown parameters. Therefore, instead of
reporting bounds from GW170104, we provide updated
combined bounds, combining the results from the three
events. In Fig. 9 we show a violin plot for each of the
test parameters. The parameters are plotted (from the
left) following the order in which they appear in the
post-Newtonian expansion or enter the phenomenolog-
ical model (the β and α parameters). For all the param-
eters, the GR solution (δp̂i = 0) is contained in the 90%
credible interval.

C. Inspiral–merger–ringdown consistency test

GR is well tested in weak gravitational fields, but fewer
tests have been performed in the strong-field regime [85–
87]. It is possible that deviations from the expected be-
havior of GR only manifest in the most extreme condi-
tions, where spacetime is highly dynamical. The inspiral–
merger–ringdown consistency test checks whether the
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FIG. 9. Violin plots for the parametrized test, combining posteriors for GW170104 with the two confident detections made in
the first observing run, GW150914 and GW151226 [13].

low-frequency, inspiral-dominated portion of the wave-
form is consistent with the high-frequency, merger–
ringdown portion. The two frequency ranges are analysed
separately, and the inferred parameters are compared.
The test uses the estimated final black hole mass and spin
(calculated from the component masses and spins using
numerical-relativity fits as detailed in Sec. III) [58, 88].
If the waveform is compatible with the predictions of
GR, we expect that the parameters inferred from the
two pieces will be consistent with each other, although
the difference will not, in general, be zero because of
detector noise. In Fig. 10, we show the posteriors on
the fractional difference in the two estimates of the final
mass and spin for GW170104 and GW150914, as well
as the combined posterior. The difference in the esti-

mates are divided by the mean of the two estimates to
produce the fractional parameters that describe poten-
tial departures from the GR predictions: ∆af/āf for the
spin and ∆Mf/M̄f for the mass [89]. These definitions
are slightly different from the ones used in our earlier
papers [58, 88], but serve the same qualitative role [89].
Each of the distributions is consistent with the GR value.
The posterior for GW170104 is broader, consistent with
this event being quieter, and having a lower total mass,
which makes it harder to measure the post-inspiral pa-
rameters. The width of the 90% credible intervals for the
combined posteriors of ∆Mf/M̄f are smaller than those
computed from GW170104 (GW150914) by a factor of
∼ 1.6 (1.3), and the intervals for ∆af/āf are improved by
a factor of ∼ 1.4 (1.2).
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Mroué, H. P. Pfeiffer, M. A. Scheel, and B. Szilágyi,
Phys. Rev. D 89, 084006 (2014), arXiv:1307.6232 [gr-qc].

[24] A. Taracchini et al., Phys. Rev. D 89, 061502 (2014),
arXiv:1311.2544 [gr-qc].

[25] S. Babak, A. Taracchini, and A. Buonanno, Phys. Rev.
D 95, 024010 (2017), arXiv:1607.05661 [gr-qc].

[26] T. A. Apostolatos, C. Cutler, G. J. Sussman, and K. S.
Thorne, Phys. Rev. D 49, 6274 (1994).

[27] B. Farr, E. Ochsner, W. M. Farr, and R. O’Shaughnessy,
Phys. Rev. D 90, 024018 (2014), arXiv:1404.7070 [gr-qc].

[28] B. F. Schutz, Classical Quantum Gravity 28, 125023
(2011), arXiv:1102.5421 [astro-ph.IM].

[29] S. Nissanke, M. Kasliwal, and A. Georgieva, Astrophys.
J. 767, 124 (2013), arXiv:1210.6362 [astro-ph.HE].

[30] S. Vitale, R. Lynch, J. Veitch, V. Raymond, and
R. Sturani, Phys. Rev. Lett. 112, 251101 (2014),
arXiv:1403.0129 [gr-qc].

[31] S. Kullback and R. A. Leibler, Ann. Math. Statist. 22,
79 (1951).

[32] D. J. C. MacKay, Information Theory, Inference and
Learning Algorithms (Cambridge University Press, Cam-
bridge, 2003).

[33] I. Mandel and R. O’Shaughnessy, Classical Quantum
Gravity 27, 114007 (2010), arXiv:0912.1074 [astro-
ph.HE].

[34] S. Vitale, R. Lynch, R. Sturani, and P. Graff, Classical
Quantum Gravity 34, 03LT01 (2017), arXiv:1503.04307
[gr-qc].

[35] S. Stevenson, C. P. L. Berry, and I. Mandel, (2017),
arXiv:1703.06873 [astro-ph.HE].

[36] C. Talbot and E. Thrane, (2017), arXiv:1704.08370
[astro-ph.HE].

[37] W. M. Farr, S. Stevenson, M. C. Miller, A. Vecchio,
and I. Mandel, Distinguishing Spin-Aligned and Isotropic
Black Hole Populations With Gravitational Waves, Tech.
Rep. LIGO-P1700067 (2017).
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49Università di Padova, Dipartimento di Fisica e Astronomia, I-35131 Padova, Italy

50INFN, Sezione di Padova, I-35131 Padova, Italy
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